We introduce several concepts concerning the indiscernibility of trees. A tree is by definition an ordered set (O, <) such that, for any a ∈ O, the initial segment {b ∈ O : b < a} determined by a is a linearly ordered set. A typical example of a tree is the set ω <ω of finite ω-sequences with the order relation <ini, where η <ini ν means that η is a proper initial segment of ν. In this paper, we consider some structure M in the language L and are interested in sets A of the form (aη)η∈O, where O is a tree, and aη labeled by η is an element in M . Such a set A is also called a tree in this paper. We study the indiscernibility of trees A in general settings and apply the obtained results to the study of unstable theories.
Introduction
In model theory, the study of indiscernible sequences is very important. These sequences are used for constructing models, and are also used for analyzing a given model. Fortunately, there is an almost unique definition of the indiscernibility of a sequence. However, different definitions of the indiscernibility of a set labeled by a tree are used for different purpose.
Roughly speaking, A = (a η ) η∈O is called an indiscernible tree if whenever X and Y are subsets of O having a similar shape (as ordered sets), then the two sets (a η ) η∈X and (a η ) η∈Y have the same L-type. Depending on the definition of similarity, we have a number of different definitions of indiscernibility. Among such, Shelah's tree indiscernibility is of particular importance. He thinks of a tree O = λ <ω (and its subtree) as a structure with the predicates P n = {η ∈ O : len(η) = n} (n ∈ ω), the lexicographic order, the order of being an initial segment and the binary meet operator (giving the longest common initial segment). He defines his similarity (X ∼ Y ) by atp(X) = atp(Y ) (X and Y have the same atomic type in this language). In this setting, the following is one of the most important existence results: One can use this fact to prove the existence of indiscernible trees satisfying some prescribed condition expressed by L-formulas. In the present paper, the indiscernibility in the sense of Shelah will be referred to as weak indiscernibility. By weakening Shelah's similarity relation, alternate versions of indiscernibility (including strong indiscernibility) will be introduced. There are several papers ( [1] , [4] , [5] , [6] and [7] ) concerning tree indiscernibility; however, their approaches are different from that in the present paper.
Let Γ = Γ((x η ) η∈ω <ω ) denote a set of L-formulas with free variables from (x η ) η∈ω <ω . We impose some homogeneity conditions on Γ. Among these conditions are the weak subtree property, the subtree property and the strong subtree property. It is known that if Γ has the weak subtree property, then there exists a weakly indiscernible tree realizing Γ. This has been proven in [8] , although not stated explicitly. By assuming a stronger homogeneity condition, we prove the existence of A |= Γ satisfying a stronger indiscernibility condition. Among other results, we prove that if Γ has the strong subtree property then Γ is realized by a strongly indiscernible tree.
If the theory T has the tree property (the negation of simplicity, see [9] ), there exists a formula φ(x, y), k ∈ ω and a set (a η ) η∈ω <ω such that (1) {φ(x, a η|n ) : n ∈ ω} is consistent for each path η ∈ ω ω and (2) for each η ∈ ω <ω , {φ(x, a η ⟨n⟩ : n ∈ ω} is k-inconsistent. The condition for (a η ) η∈ω <ω to satisfy (1) and (2) can be expressed by a set Γ((x η ) η∈ω <ω ) of L-formulas. This particular Γ has the weak subtree property, so it is realized by a weakly indiscernible tree. However, in some cases, we want stronger indiscernibility when studying the tree property.
In §4, we discuss indiscernible trees where the labeling tree O ⊂ ω <ω is not infinitely branching. More precisely, we treat the case where every η ∈ O of even length has exactly one child. Such trees are necessary for the study of simple theories (and related theories), which are characterized by the non-existence of a certain type of trees.
The final section, §5, discusses applications. We apply the obtained results to the study of unstable theories. First, for showing the usefulness of our results, we give a proof of Shelah's result [8, p.146] concerning the tree property and the number of independent partitions. We also investigate the relationship between weak-T P k+1 and weak-T P k , which are concepts introduced in [6] . Finally, we show a stronger version of the fact that there is no simple nonlow theory T such that D inp < ω (see Definition 35).
Weakly Indiscernible Trees
First we explain some notations we use. Let S be a linearly ordered set. Recall that an initial segment of S is a subset S 0 ⊂ S such that if s < t ∈ S 0 then s ∈ S 0 . The set of all functions η : S 0 → α, with S 0 a proper initial segment of S, will be denoted by α <S . α <S becomes a tree by < ini , the order relation of being an initial segment: For simplicity, definitions below are given for O = ω <ω .
(b) η < lex ν ⇔ η is less than ν in the lexicographic order;
(c) η ∩ ν = the longest common initial segment of η and ν;
, where len(η) is the length of the sequence η;
(e) P n (η) ⇔ the length of η is n.
2. Let X, Y ⊂ ω <ω be two finite subsets. We say X is equivalent to Y in Shelah's sense, written as X ∼ s Y , if X and Y have the same atomic type with respect to L s .
Definition 2.
We say that A = (a η ) η∈ω <ω is a weakly indiscernible tree over
Definition 3. Let σ be an injective map from dom(σ) ⊂ ω <ω to ω <ω .
1. We say that σ is an L s -embedding if for every finite tuple X ⊂ dom(σ) we have X ∼ s σ(X).
For
In what follows, Γ((x η ) η∈ω <ω ) is a set of L-formulas with free variables among x η 's (and possibly with parameters). If X ⊂ ω <ω , Γ|x X denotes the set of formulas in Γ with free variables in x X . 
Remark 4. Let us consider
The condition (a) can be expressed by the formula ⟨i 0 ⟩ ≤ lex ⟨j 0 ⟩. By putting k = i 1 − i 0 , the condition (b) can be expressed by the formula
So, for this special case, we have shown the existence of a formula θ X giving the equivalence of 1 and 2. The general case can be proven by the induction on n = |X|.
In subsequent sections, we introduce other tree languages including L 0 and L 1 . L 0 and L 1 may be substituted for L s in the above claim, and we retain an equivalence of 1 and 2, by choosing an appropriate θ X (Y ).
Definition 5.
We say that Γ((x η ) η∈ω <ω ) has the weak subtree property if there is a realization A = (a η ) η∈ω <ω such that if σ :
Proof. We can assume λ is uncountable. Let A = (a η ) η∈ω <ω be a realization of Γ witnessing the weak subtree property of Γ. Let M be a model containing A. We prepare a new unary predicate symbol U with the interpretation
The conditions 2-5 simply say that the mapping η → b η is an L S -embedding. Using the weak subtree property, it can be easily seen that M has the following property: For any ∩-closed finite X ⊂ ω <ω and φ(x X ) ∈ Γ,
Since N is an elementary extension and since the property (*) can be expressed by an (L∪L s ∪{U })-sentence (using θ X in Remark 4), the above property is true even if Y is a subset of λ <ω . Let σ :
T is said to have the k-tree property, in short k-T P (see [6] ), if there is a formula φ(y, x) and a set (a η ) η∈ω <ω such that (1) {φ(y, a η|n ) : n ∈ ω} is consistent for each path η ∈ ω ω and (2) for each η ∈ ω <ω the set {φ(y, a η ⟨n⟩ : n ∈ ω} is k-inconsistent. The condition for (a η ) η∈ω <ω to satisfy (1) and (2) can be expressed by a set Γ((x η ) η∈ω <ω ) of L-formulas. This Γ has the weak subtree property.
Our goal of this section is the following theorem, which is implicit in [8] .
If Γ has the weak subtree property, then Γ is realized by a weakly indiscernible tree over B.
The following fact (Theorem 2.6 of [8, p.662]) is essential, for proving the theorem above.
Fact 9 (Shelah). Let O = λ
<n be a tree, and f :
In the original statement in Theorem 2.6 of [8, p.662], λ depends on n, k as well as µ. So λ can be written as λ n,k . However, by taking sup n,k∈ω λ n,k , we may assume that λ depends only on µ.
Proof of Theorem 8. It is enough to show the following claim :
Take any finite subset ∆ of ∆ n . Let k be a number such that if
|L(B)| , we choose a sufficiently large λ satisfying the condition mentioned in Fact 9. Then, by Lemma 6, we
For this f , we apply Fact 9 and get an embedding σ :
Then the set A σ realizes ∆ as well as Γ. So we have shown the finite satisfiability of Γ ∪ ∆ n and we are done.
* if and only if A witnesses the weak subtree property of Γ.
2. In [7] , they define the set
X} of L-formulas and prove that for all A = (a η ) η there is a weak indiscernible tree (in our sense) realizing EM s (A) (see Remark 3.14 in [7] ). EM s (A) has the weak subtree property.
Indiscernible Trees and Strongly Indiscernible Trees
The (0)-similarity ∼ 0 and the (1)-similarity ∼ 1 are defined in a similar way to ∼ s .
. The (1)-indiscernibility is referred as the indiscernibility, and the (0)-indiscernibility is referred as the strong indiscernibility.
2. If A is a strongly indiscernible tree then A is an indiscernible tree.
If
A is an indiscernible tree, then A is a weakly indiscernible tree.
The notion of L i -embeddings is defined naturally.
) η∈X realizes Γ. The (1)-subtree property is referred as the subtree property, and the (0)-subtree property is referred as the strong subtree property.
Notice that the condition X ∼ s Y for finite X and Y is equivalent to
where lev(X) = {len(η) : η ∈ cl(X)}, and cl(X) is the ∩-closure of X. This equivalence will be used in our proof of the following theorem.
has the subtree property, then Γ is realized by an indiscernible tree over B.
Proof. For simplicity, we assume B = ∅. So to prove this theorem it is sufficient to prove the following.
Claim A. Let X be a finite ∩-closed set and let
Since the subtree property implies the weak subtree property, by Theorem 8, we have a weakly indiscernible tree
k → {0, 1} by:
The above argument shows the consistency of Γ ∪ ∆.
has the strong subtree property, then Γ is realized by a strongly indiscernible tree over B.
Proof. We assume B = ∅. By Theorem 15, we have an indiscernible tree realizing Γ. So, by compactness, there is an indiscernible tree
We prove the claim by induction on n. Let σ 0 (⟨⟩) = ⟨⟩ and suppose that we have defined σ n from ω <n to ω <ω1 such that if η < lex ν then σ n (η) < len σ n (ν). Since the cofinality of ω 1 is > ω, there is α 0 < ω 1 such that the lengths of σ n (η) (η ∈ dom(σ n )) are all less than α 0 . Now we define σ n+1 by the equation
By induction on the length of η, we can prove
if η ν ∈ dom(σ n+1 ). So, σ n+1 is an L 0 -embedding. Now we show that:
For proving the condition (**), let
, and i < i ′ . By ( * ), using the induction hypothesis, we have
Thus the condition (**) was shown, and σ n+1 has the required property. We have shown the existence of σ n 's for all n. (End of proof of Claim A)
To complete our proof of the theorem, it is enough to show the following claim :
Fix n ∈ ω, and let σ :
A is an indiscernible tree. Finally, using a compactness argument, we can show that Γ ∪ ∆ is finitely satisfiable.
Consider the language {< lex , < ini }, which is weaker than L 0 . The following example shows that we cannot hope to have a {< lex , < ini }-version of Theorem 16.
has the subtree property with respect to L. 
Indiscernible Trees in Other Settings
where len(η) = n (see figure 1 ). Of course, if η is of odd length (n − 1 is even), then η(n − 1) = 0. O is closed under taking the operator ∩ (in ω <ω ). So, we can impose an L s -structure on O as a substructure of ω <ω . We call a set {η} ∪ {ηˆ⟨n⟩ : n ∈ ω} ⊂ O a family if η ∈ O has odd length. We need to consider the family relation F (η 1 , η 2 ), the relation E(η) designating the even length elements, and the family order η 1 < F η 2 on O defined by the following:
• F (η 1 , η 2 ) ⇐⇒ η 1 and η 2 belong to the same family;
• E(η) ⇐⇒ len(η) is even;
• η 1 < F η 2 ⇐⇒ len(η 1 ) ≤ 2n < len(η 2 ) for some n ∈ ω. η 1 < F η 2 means that the family of η 1 is "older" than that of η 2 . We will write η 1 = F η 2 if η 1 and η 2 are the same "generation", i.e.,
Definition 18. The tree languages for O we will consider in this section are
For * ∈ {s, 0, 1}, the L * ,F -similarity (∼ * ,F ) and the L * ,F -indiscernibility of (a η ) η∈O are defined similarly as before. Remark 24.
⟨0⟩, ⟨0, i⟩
If H is the set of all even numbers, then τ H is the identity mapping.
Theorem 25. Suppose Γ((x η ) η∈O ) has the L 1,F -subtree property. Then Γ is realized by an L 1,F -indiscernible tree.
Proof. Choose an L s,F -indiscernible tree A = (a η ) η∈O realizing Γ. For finite X ⊂ O, let cl(X) be the ∩-closure of X. In the present proof, the level set lev(X) of X is the set {n ∈ 2N : n = len(η) − 1 or len(η) − 2 for some η ∈ cl(X)}.
Clearly lev(X) is a subset of H. We fix a finite X.
Claim A. For any Y ∼ 1,F X with the same level set as X, and for any formula
It is enough to show that X ∼ s,F Y , because of L s,F -tree indiscernibility. Example 27. Suppose that T has the k-tree property witnessed by φ. Let Γ((x η ) η∈ω <ω ) be the set in Example 7 expressing this k-tree property. Then Γ does not have the subtree property (in general). So, we cannot expect to have an indiscernible tree realizing Γ. However, the set Γ|(x η ) η∈O has the L 0,F -subtree property.
Note that lev(X) ⊂ lev(Y ) if and only if for all
η ∈ cl(X) there is ν ∈ cl(Y ) such that η = F ν. Let cl(X) = {η 0 , ..., η k−1 } ∼ 1,F {ν 0 , ..., ν k−1 } = cl(Y ) and ν i ≤ len ν i+1 . Suppose X ∼ s,(*) Y 1 , Y 2 ⊂ O 2G , X ∼ 1,F Y i (i = 1, 2) ⇒ |= φ(a Y1 ) ↔ φ(a Y2 ).
Some Applications
In this section, we will study the tree property and the number of independent partitions.
Tree Property and Independent Partitions
As a demonstration, we give a proof of Theorem 7.11 in [8, p.146] using Theorem 26 of the last section.
Fact 28. T has k-T P if and only if T has 2-T P .
Proposition 29 (Shelah) . Suppose that T has the tree property and let φ(x, y) be a formula witnessing the 2-T P . Then one of the following must hold:
1. There is a tree C = (c η ) η∈ω <ω and a formula ψ = φ(x, y 0 )∧...∧φ(x, y m−1 ) with the following properties:
is inconsistent for any incomparable η and ν ∈ ω <ω .
2. There are sets I i = (b i,j ) j∈ω (i ∈ ω) with the following properties:
Proof. Let Γ((x η ) η∈ω <ω ) be the set expressing the 2-T P witnessed by φ. Let
and Γ O = Γ|(y η ) η∈O . (η ∈ ω <Z means that η is a function from {k ∈ Z : k < m} to ω for some m ∈ Z.) Clearly Γ O has the L 0,F -subtree property.
So, by Theorem 26, Γ O is realized by an L 0,Findiscernible tree, say A = (a η ) η∈O . By compactness, we may assume that the elements in A are labeled by ω <Z . So we assume A = (a η ) η∈O Z . For i ∈ ω, let ν i ∈ O Z be the function with dom(ν i ) = {k ∈ Z : k < −2i} defined by ν i (k) = 0 for all k < −2i − 1 and ν i (−2i − 1) = 1(see Figure 2) . Then there are two cases:
n ∈ ω} is inconsistent. First assume the first case holds. Using ν i , we define
Notice that, {φ(x, b i,j ) : j ∈ ω} is 2-contradictory. So, by the case assumption, we see that the conditions 2(a) and 2(b) are both satisfied. Then we assume the second case. By compactness, there is a minimal finite set K ⊂ ω such that {φ(x, a νi (ηi|n) ) : i ∈ K, n ∈ ω} is inconsistent. By the condition of 2-T P , we have |K| ≥ 2. Using compactness again, there is an odd number n 0 ∈ ω such that {φ(x, a νi (ηi|n) ) : i ∈ K, n < n 0 } is inconsistent. By the indiscernibility, we assume K = {0, 1, ..., k − 1}. Let δ(x) be the formula ∧ {φ(x, a νi ηi|n ) : 2 ≤ i < k, n < n 0 }. Now we work inside the set defined by
To simplify the notation, let X1 )} is inconsistent. Now we consider a subtree with the root ν 0 . For i < n 0 and for
where 0 l denotes the l-th iteration of 0, and (ν * ) −k is the k-th predecessor of ν * . Notice that ν * is an element of O Z . Then, for any incomparable ν and ν ′ ∈ ω <ω , there is no family to which ν * −i and ν ′ * −j belong (i, j < n 0 ). This will be used in the proof of Claim B below.
Claim A. For each path η ∈ ω ω , {ψ 0 (x, c η|n ) : n ∈ ω} is consistent. Recall X i = {ν i (η i |n) : n < n 0 } (i = 0, 1). Let Y be the set of parameters in δ. Then for any incomparable η and ν ∈ ω <ω with η < lex ν,
since any element in X η * and any element in X ν * are not in the same family. Then, by the L 0,F -indiscernibility, for any incomparable pair η, ν ∈ ω <ω , {ψ 0 (x, c ν ), ψ 0 (x, c η )} is inconsistent (under δ(x) ). (End of proof of Claim B.)
Claim A and Claim B show that ψ(x, y) = ψ 0 (x, y) ∧ δ(x) satisfies the conditions 1(a) and 1(b).
Weak T P 1 -trees
The following definitions are from [6] .
Definition 30. Let k ∈ ω ∖ {0, 1}. T has k-T P 1 if there is a formula φ(x, y) and parameters a η (η ∈ ω <ω ) such that (1) for each path η, {φ(x, a η|n ) : n ∈ ω} is consistent and (2) 
Definition 31. Let k ∈ ω ∖ {0, 1}. T has the weak k-T P 1 if there is a formula φ(x, y) and parameters a η (η ∈ ω <ω ) such that (1) for each path η, {φ(x, a η|n ) : n ∈ ω} is consistent and (2) 
In [6] , they say that ν 1 , ..., ν k are distant siblings if the condition ν i ∩ ν j = ν i ′ ∩ ν j ′ holds for any i < j and i ′ < j ′ . If we use this term, the condition (2) in Definition 31 is expressed as follows: if {ν 0 , ..., ν k−1 } is a family of distant siblings then {φ(x, a νi ) : i < k} is inconsistent.
Remark 32.
1. Let Γ((y η ) η∈ω <ω ) be the set expressing that φ(x, y) witnesses the weak k-T P 1 . Then Γ has the strong subtree property. For an arbitrary n ∈ ω ∖ {0}, we can define σ n by σ n (η ⟨i⟩) = σ n (η) ⟨i⟩ 0 n . Then, by letting b η = a σn(η) a σn(η) − . . . a σn(η) −n and ψ(x, y 1 , ..., y n+1 ) = φ(x, y 1 )∧...∧φ(x, y n+1 ), the new tree (b η ) η∈ω <ω and ψ witness the weak k-T P 1 . This trick will be used in our proof of Proposition 33.
The equivalence of k-T P 1 and 2-T P 1 was proved in [6] . The following Proposition in essence shows that the weak (k + 1)-T P 1 implies the weak k-T P 1 unless there are many (independent) weak (k + 1)-T P 1 trees.
Proposition 33. Suppose that T has the weak (k + 1)-T P 1 , witnessed by the formula φ(x, y). Then one of the following holds:
1. T has the weak k-T P 1 , or 2. There are sets
φ(x, y m ) with the following properties:
Proof. Let Γ((y η ) η∈ω <ω ) be the set expressing that φ(x, y) witnesses the weak (k + 1)-T P 1 . By Theorem 16, Γ is realized by a strongly indiscernible tree. Moreover, by compactness, there is a strongly indiscernible tree A = (a η ) η∈ω <Z such that (a η ) η∈ω <ω realizes Γ. For η ∈ ω <Z , let η * be the sequence defined by
Then the mapping τ * : η → η * clearly preserves {< ini , < lex }-structure. Although τ * does not preserve ∩, it has the following property
Then, by the property of τ * mentioned above, B is a strongly indiscernible tree. Since τ * preserves the relation of being distant siblings, the L-formula φ(x, y) and parameters (b η ) η∈ω <ω also witness the weak (k + 1)-T P 1 
. From this observation, we see that B has an additional property:
(In the above, if Y is a set consisting of elements not bigger than ν (in the < ini -sense) then we also have tp(
Using ν i , for each η ∈ ω <ω , let b i,η = b νi η . Now, for each i ∈ ω, H i will denote a k-element subset of ω ω . Then there are two cases:
First assume the first case holds. Then, by the tree indiscernibility of B, each tree (b i,η ) η∈ω <ω realizes Γ. So, by the case assumption, we see that the conditions 2(a) and 2(b) are both satisfied.
We assume the second case. By compactness, there is a minimal finite set F ⊂ ω witnessing the second case. Then, by compactness again, choose minimal finite subsets 
We can always find X ′ 0 ⊂ X 0 and ν ∈ ω <ω with the following properties:
1. X ′ 0 has at least two incomparable elements; 
Lowness
The notion of lowness was defined by Buechler in [2] . Let Σ(x) be a set of formulas and φ(x, y) a formula. φ(x, y) ) is the minimum cardinal κ for which there is no matrix A = {a ij : (i, j) ∈ κ×ω} such that (1) Σ(x)∪{φ(x, a iη(i) ) : i < κ} is consistent (∀η ∈ ω κ ), and (2) for all i < κ, {φ(x, a ij ) : j ∈ ω} is k i -inconsistent, for some k i ∈ ω.
Casanovas and Kim [3] showed the existence of a supersimple nonlow theory T . This T does not have infinitely many mutually independent partitions. However, there is a formula φ(x, y) such that for each k ∈ ω we can find parameter sets A i = {a ij : j ∈ ω} (i < k) defining k independent partitions. More precisely, for this theory, we have D inp (x = x, φ(x, y)) ≤ ω for any φ, and D inp (x = x, φ(x, y)) = ω for some φ. So it is natural to ask whether there is a simple nonlow theory T such that D inp (x = x, φ(x, y)) < ω for any φ. We prove that there is no such theory. Let X = {ν 0 , ..., ν k−1 } ⊂ ω <m be a 2-< ini -incomparable set with |X| = k and let X * = {(ν 0 ) * , ..., (ν k−1 ) * }.
